Inverses of relationship matrices are useful for prediction of individual additive or nonadditive genetic merits and for estimation of variance components. An algorithm to form inverses of additive by additive relationship matrices rapidly from lists of individuals and their parents was developed. The algorithm uses simple recurrences among additive by additive and siredam combination effects to const~~ct inverses for noninbred or inbred populations. Dimensions of matrices produced may be several times the number of individuals in the population because combination effects for sire-dam subclasses must be included in matrices. 
Inverses of relationship matrices are useful for prediction of individual additive or nonadditive genetic merits and for estimation of variance components. An algorithm to form inverses of additive by additive relationship matrices rapidly from lists of individuals and their parents was developed. The algorithm uses simple recurrences among additive by additive and siredam combination effects to const~~ct inverses for noninbred or inbred populations. Dimensions of matrices produced may be several times the number of individuals in the population because combination effects for sire-dam subclasses must be included in matrices.
Rules of inheritance of siredam combination effects are the same as for dominance combination effects. Cost of forming inverses increases linearly with number of individuals. Each individual contributes 36 or fewer nonzero coefficients, and each siredam subclass contributes an additional 81 or fewer nonzero coefficients to the matrix. Computation of inverse of the relationship matrix due to 1003 sires and maternal grandsires of 765,868 cows required forming a matrix of order 137,830 and 4 Mbytes of memory. (Key words: additive by additive relationships, recurrence relationships, matrix inversion)
INTRODUCTION
Genetic variation is often partitioned into additive and nonadditive components. Nonadditive genetic variation results from interactions of genes. Interactions of genes at the same locus result in dominance variance and interactions of two genes at different loci result in additive by additive (A x A) variation. Interactions of more than two genes may also contribute nonadditive variance through terms such as additive by dominance, dominance by dominance, and additive by additive by additive variation.
Covariances between individuals due to any of these sources of genetic variation are well defined in randomly mating, noninbred populations if each source of variation consists of small contributions from many unlinked loci (3). More complex inheritance such as major genes and linkage also affect covariance among relatives but are beyond the scope of this paper and are not addressed further.
Genetic effects of individual members of a population can be predicted by use of mixed model equations (4,8). These equations require inverses of relationship matrices among all additive and nonadditive effects in the model and knowledge of variance ratios. Unknown variances may be estimated by techniques such as REML (12). which also require inverses of relationship matrices.
Henderson (5, 6) presented rules for rapidly computing inverses of additive relationship matrices for noninbred populations. Hoeschele and VanRaden (9) present rules for rapidly comput-ing inverses of dominance relationship matrices for noninbred populations. Chang et aL (2) presented methods to reduce times required to invert A x A relationship matrices. This paper presents an algorithm c o r n b e g procedures of Hoeschele and VanRaden (9) and Chang et al.
(2) that allows inverses of A x A relationship matrices to be computed rapidly for large populations.
MATERIALS AND METHODS

Recurrence Relatlonshlps for Nonlnbred Populatlons
Transmission of a sample half of genes from parents to offspring in each generation allows genetic effects to be described by simple recurrence relationships. These recurrence relationships allow rapid construction of relationship matrices and their inverses (7, 9). Inverses of additive and dominance relationship matrices can be f m e d rapidly from lists of animals and their parents (5, 7) and lists of sire x dam subclasses (9), respectively.
The A x A relationship matrix for any population can be formed rapidly by first forming the additive relationship matrix using a simple recursive procedure (7) and then squaring each element (3, 8, 10). Standard matrix inversion techniques could then be used to obtain the A x A inverse, but this approach could be extremely expensive for a large population. A more a p pealing strategy is to form the A x A inverse directly by using a simple recurrence relationship among A x A effects.
Let a be an animal's A x A effect. Then a can be described in terms of the animal's sire A x A effect (s), dam A x A effect (d), a combination effect of the sire and dam (s,d), and a Mendelian sampling effect (m):
In the absence of inbreeding, the four terms on the right are mutually uncorrelated. Proof is that s represents interlocus interactions among the sire's genes, d represents interlocus interactions among the dam's genes, and (s,d) represents interactions of genes in the sire with genes at other loci in the dam. No covariance exists among these three terms unless the sire and dam share common genes.
Further, m represents the deviation of a from its full-sib family mean (f) defined as f = .25(s) Usually E(ub) will be assumed null. If distinctly different base populations such as different breeds exist or if selection on A x A effects has caused differences in base members across time, procedures analogous to those in (13, 15) might be developed to account for these differences.
Let R represent the diagonal matrix Dimensions of U and U-' can be several times the number of individuals in the population because ancestor combination effects are included. This i n c r d size of U and U-] is more than offset by the resulting sparseness and short time necessary to form U-l, particularly for large populations. Cost of computing U-1 increases only linearly with number of individuals vs. cubic or possibly quadratic increases with algorithms involving matrix or sparse matrix inversion techniques.
Algorlthm for Computlng the Addltlve by Addltlve Inverse for Nonlnbred Populatlons
The following procedure for obtaining the A x A inverse is recommended. 1141
1.
Computing the covariance matrix of known parent interaction effects requirm a general expression for covariances among interactions. An algorithm for computing A x A inverses for inbred populations includes all of the same steps as the algorithm for noninbred populations. Interactions of animals with themselves must be excluded from the list of interactions created in step 2. Inclusion of an animal's A x A effect and its interaction with itself would result in a singular matrix because a = 2(a,a). Interactions of an animal with its sire and dam must be included if these provide ties between more than 1 descendant interaction.
Sire-dam interactions
Coefficients written in steps 3 and 4 are computed according to Equation [6] . Diagonal elements of R are computed using [14] , and nonzero coefficients of P are regression coefficients computed using [13] . Known parent interactions may include some subclasses of type (ha). Because the vector u includes effects 2(a,a) = a rather than (&a), covariances and variances of (%a) ancestors must be multiplied by 2 and 4, respectively, when using Equation
Individuals with inbred offspring may contribute a maximum of 36 rather than 16 coefficients because the list of known ancestor effects for such individuals may now include interactions of the animal with its sire and dam. Maximum coefficients contributed by any (s,d) subclass is still 81.
RESULTS
Small Example dividuals identified by letters:
Consider the following pedigree with inBecause e is inbred, the algorithm for inbred populations is used to form W. The vector of A x A and combination effects is u' = each and, hence, were not included in u. Con@w,d,e,(b,d) The upper left 4 x 4 submatrix is the A x A relationship matrix and the remaining elements are covariances for sirinteractions.
Actual Population
A FORTRAN program was developed to implement the algorithm for large populations.
This program computes coefficients of the inverse of the A x A relationship matrix either due to sires and dams or due to sires and maternal grandsires. The program was applied to a population of 765,868 Holstein cows.
Number of sires plus maternal grandsires was only 1003 because of edits used for variance component estimation (14) . Using the sire-maternal grandsire option and the algorithm for noninbred populations, order of the matrix constructed was 137,830. Number of nonzero coefficients required to form the inverse was 5,042,444. Among rows and columns of the inverse created, 136,827 pertained to sire-maternal grandsire combination effects. Total computing time was 165 CPU seconds on an IBM 3090, and memory requirements were 4
Due to use of sire-matemal grandsire option, ratio of order of the A x A inverse to order of the additive inverse (1003) was approximately 100 to 1. With the s i r e option, this ratio would reduce to approximately 4 or 5 to 1. Procedures to form inverses of A x A relationship matrices include many of the same steps used for dominance inverses (9). Inclusion of both inverses in mixed model equations should allow separation of dominance and A x A variation if both exist.
M b P S .
CONCLUSIONS
Inverses produced are very sparse but can have dimensions several times the number of animals because of addition of ancestor siredam subclass effects. Mixed model equations incorporating these inverses predict which sires combine best with which dams in addition to predictions of individual A x A effects. Time required to construct inverses is approximately proportiOnal to number of animals. Results can be verified by comparing the inverse of the A x A inverse to the A x A relationship matrix. 
APPENDIX
Relationships due to common sires and maternal grandsires rather than sires and dams may sometimes be sufficient for studying nonadditive variation in dairy populations (1). Let a be an animal's A x A effect; s, its sire A x A effect; mgs, it matemal grandsire A x A effect; and (s,mgs), the combination effect of sire and matemal grandsire. 
